VERTEX-IRF CORRESPONDENCE AND FACTORIZED 
L-OPERATORS FOR AN ELLIPTIC R-OPERATOR 



YOUICHI SHIBUKAWA 

^ ■ 

0^ , Abstract. As for an elliptic i?-operator which satisfies the Yang- 

^ ' Baxter equation, the incoming and outgoing intertwining vectors 

, are constructed, and the vertex-IRF correspondence for the elliptic 

QQ ' i?-operator is obtained. The vertex-IRF correspondence implies 

(N : 

that the Boltzmann weights of the IRF model satisfy the star- 

^ ' triangle relation. By means of these intertwining vectors, the fac- 

_ torized L-operators for the elliptic i?-operator are also constructed. 

o ■ 

■ The vertex-IRF correspondence and the factorized L-operators for 

^ ! 

I Belavin's i?-matrix are reproduced from those of the elliptic R- 

— ■ operator. 

Q-i! 0. Introduction 

X 



In [0, |I3|, |TJ] we have introduced an infinite-dimensional /2-matrix. 
\ It is a new solution of the Yang-Baxter equation. By means of the 

Fourier transformation of the i?-matrix, we defined an i?-operator act- 
ing on some function space. This i?-operator also satisfies the Yang- 
Baxter equation. Since this operator is deeply linked to analytic prop- 
erties of an elliptic theta function, we call it the elliptic /^-operator. 
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We have shown some properties satisfied by the eUiptic i?-operator, for 
example, first inversion relation, fusion procedure, etc. For the trigono- 
metric degenerate case of the elliptic i?-operator, we proved that the 
finite-dimensional, trigonometric i?-matrices are constructed from the 
i?-operator through restricting the domain of the /2-operator to some 
finite-dimensional subspaces. Recently Felder and Pasquier [Q showed 
that Belavin's i?-matrix p, |Tl|] can be obtained through restricting the 
domain of a modified version of the elliptic i?-operator to a suitable 
finite-dimensional subspace. 

In Baxter has introduced the intertwining vectors for the eight- 
vertex model. Jimbo, Miwa and Okado [§ constructed the outgo- 
ing intertwining vectors between Belavin's vertex model and the A^li 
face model. We call this relation the vertex-IRF correspondence for 
Belavin's i?-matrix. Hasegawa ||^, |^, Quano and Fujii |jTO| defined 
the incoming intertwining vectors which are the dual vectors of the 
outgoing intertwining vectors. Then they constructed the factorized 
L-operators for Belavin's i?-matrix. The vertex-IRF correspondence 
plays a central role in their methods. 

The aim of this paper is to extend the result above to the elliptic 
i?-operator. 

Our strategy to construct factorized L-operators for the elliptic R- 
operator is as follows. At first we define incoming intertwining vectors 

V 

of the elliptic /^-operator R{C) and establish a vertex-IRF corre- 
spondence. The vertex-IRF correspondence plays the most important 
role in this paper. Next we find finite-dimensional subspaces with the 



VERTEX-IRF CORRESPONDENCE FOR AN ELLIPTIC i?-OPERATOR 

following property (cf. Theorem |1.3| ); 



3 



where ^12 := ^1 — ^2- Then we define outgoing intertwining vectors 
0k(OA(-2) ^ ^ki^ + l-^lk), which are the duals of (pl . Making 

use of the properties of the incoming and outgoing intertwining vectors, 
we can easily construct factorized L-operators. 

This paper is organized as follows. In Section 1, we review the prop- 



erties of the elliptic /^-operator R{^) proved in |T^, |T^, |T^, |]. In Sec- 
tion 2, we shall define incoming intertwining vectors <j)'{ and Boltzmann 

k' 

\ i V 

K 

correspondence for the elliptic i?-operator (Theorem 



weights of an IRF model W 



. Then we have the vertex-IRF 



Theorem 0.1 (Vertex-IRF correspondence). For A, z/ G A 



K'eA 



K' 

X e ^ 

K 



From this theorem, we can show that the Boltzmann weights satisfy 
the star-triangle relation (Corollary |2.2| ). 
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Corollary 0.2. The Boltzmann weights of the IRF model satisfy the 
star-triangle relation] 
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/or A, K, I/, a, /?, 7 G A. 

This IRF model can be regarded as the limiting case tj, ^ 00 of 
the A^^}_i face model. In Section 3, making use of the results obtained 
by Felder and Pasquier [Q, we shall construct outgoing intertwining 
vectors in the same way as ||^, We can consequently define 



factorized L-operators L]i{C) (Theorem p.4|) . 



Theorem 0.3 (Factorized L-operator). For ^i,C,2 ^ ^ + 

(1 ® ^(ei2))(Xk(6) ® i)(i ® = (L(6) ® i)(i ® Lmimu) 

In the last section, after stating the results obtained by Felder and 
Pasquier more precisely, we show that the vertex-IRF correspon- 
dence and the factorized L-operators for the elliptic i?-operator imply 
those for Belavin's i?-matrix. 

1. Review of the properties of an elliptic /^-operator 
In this section, we review the construction and the properties of an 



elliptic i?-operator ||, P, O, |I|]. We fix r G C such that Im r > 
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and define an open subset D C C by 

^ r ^ ,T , Im T, 
D = {zeC; |Im z| < }. 

Let V be a space of all functions / holomorphic on D and such that 

fiz + l) = f{z) WzeD. 

Similarly let V ® V be a space of all functions / holomorphic on D x D 
with the property 

f{zi + 1, Z2) = fizi, Z2 + l) = f{Zi, Z2) V^i, Z2 E D. 

V A 

Now we define an elliptic i?-operator R{^) on V ® V. Let /i be a 
complex number such that /x ^ Z + Zr and let = 'dilz, r) be an 

elliptic theta function 

^i(^) = E exp[7rv^(m + + 27v^/^{m + ^)(^ + h]- 

The elliptic theta function i!)i{z) satisfies the following properties. 

1. 'diiz) is entire, 

2. ^,{z + l) = ~Mz), 

3. i3^{z + t) = - exp{-2ny/^z - 7r^/^T)^i (z) , 

4. I?! (2;) has simple zeros at 2; G Z + Zr, 

5. 'di{z) satisfies the three term equation (cf. []r3| p. 461); 

{}i{x + y)i!}i{x — y)'di{z + w)'di{z — w) 
+ dii^x + z)'di{x — z)'di{w + y)'di{w — y) 
+ + w)'di{x — w)'di{y + z)'di{y — z) 
= 0, 
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6. §i{-z) = -M^)- 



Definition 1.1 (Elliptic R-operator). For / e V <§) V, we define 

where 2:21 := Z2 — Z1, i9'i(0) — ^(0, r) and ^ G C. The complex number 
^ is called a spectral parameter. 

We set X = {{zi,Z2) e D x D ; Z21 eZ}. By the property (4) of the 

V 

elliptic theta function 'i9i(z), the function R(^)f has the singularities at 
the points {zi, Z2) G X. The lemma below tells us that all singularities 
are removable. 



Lemma 1.1. There is a unique function F holomorphic on DxD and 

V 

such that F{zi, Z2) = {R{^)f){zi, Z2) for [zi, Z2) e D x D\X. 



Proof For {zi, Z2) e D x D\X and m e Z, 



{mf){zuz2) 

■di{^)'i}[{0)f{z2,zi) di{z2i- ii.-m) -'di{-iJi) Z2 - zi - m 



Z2-Zi-'m '&i{z2i-m) 

(Q) ^^^^~^'^^^ - fjzuzi) _ Z2- zi-m 
^ Z2-Zi~m di{z2i-m) 

Vi[z2i-m) Z2-zi-m 
,0/ c J{zi,Z2-m) - f{zi,zi) 

Z2 — zi — m 
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Thus there is a function F continuous on DxD and such that F{zi, Z2) = 

V 

{R{^)f){zi, Z2) for {zi, Z2) E D X D\X. In fact, we define 

F{Z,,Z2) 

V 

{R{^)f){zi,Z2), otherwise. 

Making use of the Riemann removable singularity theorem (cf. f^), this 
function F is holomorphic on D x D. □ 

V 

We also denote by R{^)f this holomorphic function F. It is easy to see 
that 

imm^i + 1, ^2) = (^(o/)(^i, ^2 + 1) = (^(o/)(^i, ^2) 

for (21, Z2)eDx D. Hence ^(0/ G V » V for / G V ® V, and ^(0 is 

A 

an operator on V ® V clS cl result. 

A A 

Let V (8> V ® V be a space of all functions f on D x D x D and such 
that 

f{zi + l, Z2, Z3) = f{zi, Z2 + I, Z3) = f{zi, Z2, Z3 + I) = f{zi, Z2, Z3) V^i, Z2, Z3 G D. 

By the three term equation of 'di{z) (the property (5)), we get the 
following theorem. 

V 

Theorem 1.2 (|jT2|, |13|, |14|)- -^(0 satisfies the Yang-Baxter equation 
on V (S) V (g) V; 

(1 ® ^(62)) Aeia) ® i)(i ® ^(63)) = (^(63) ® i)(i ® mismmu) ® i), 

(1.1) 

where = - 6- 
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For ^ E C and n = 1,2,..., let V^(^) be a space of all functions / 
holomorphic on C and such that 

f{z + l) = f{z), 

f(z + T) = (-l)"exp(27rv^(e-n^))/(^). 
It is well known that Vn{0 dimension n. We easily see that 



- nz, nr) exp{iT\^nz)}j(=z/K2 



;i.2) 



is a basis of 14(0- Here {} 
characteristics; 



(z, t) is a theta function with rational 



1^ 



In Felder and Pasquier show the following. 

Theorem 1.3 (i). ^(ei2)(K(6) ® ^(6 + /^)) C ® ^(^1 + /^)- 

Remark 1.1. Let V~ be a space of all functions / holomorphic on D 
and such that 

f{z + l) = -fiz). 

_ A _ _ A _ A _ 

We set V eg) V and V ® V ® V in the same way as V. Then we 

V _ A _ 

can define the elliptic /^-operator R{^) on V ® V , which is the same 

V _ A _ 

as in Definition |1 . 1| . It is easy to see that Ry^ on V ® V satisfies 



the Yang-Baxter equation (|1.1|). 
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We denote V~ {^) as a space of all functions / holomorphic on C and 
such that 



f{z+l) = -f{z), 



f(z + r) = (-l)"exp2W-l(e - nz + -)f{z) 



We have 



A basis of (^) is as follows. 



1 - 1 

2 n 



— nz, nr) exp(7r-\A-T(n + l)z)}j^ 



Remark 1.2. Let he a space of the meromorphic functions on C^. 

V 

Then we note that the elliptic i?-operator R{^) can be regarded as an 
operator on Ai and satisfies the Yang-Baxter equation 



2. Incoming intertwining vectors and vertex-irf 

correspondence 

In what follows /i G M\Z, and let A be a set of sequences A 
(Aj) {i G Z) such that 

We take r G M such that r ^ Q + Q/i, and set 



?7j := -ir (i G Z). 
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Then 77 = {r]i) G A. Hence, for any the set A is not empty. For 
z e Z, we define the sequences Ei = {6ij) {j G Z), and for A G A, let 
A + denote the sequence 



(A + 



A* + /u, j = i. 



We note that A + G A for alH G Z by the definition of A. 



Definition 2.1 (Bohzmann weight of the IRF model). For A, k, k' , u G 



A, Boltzmann weights W 



K 



X ^ V 



K 



G C of an interaction-round-a- 



face (IRF) model are given as follows (cf. []I], §, [7|, §, |Tg). For A G A, 
we put 



V 

W 



V 

W 



A + 

V 

W X ^ X + 2fi£i 

X + 

A + fiSi 
X ^ A + fi{ei + Ej) 

X + 

A + fiSj 
X ^ A + fi{ei + Ej) 

X + fiEi 



^i(^-0^;(o) 
^i(^) ^ 



^i(A,.-O^'i(0) 



■jij 



AiXjM-i^) 
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otherwise we set 



V 

W 



K 

\ i V 
K 



Next we define incoming intertwining vectors of tlie elliptic i?-operator. 

Definition 2.2 (Incoming intertwining vector). For A, k G A, define 
an incoming intertwining vector 0^ G V* as follows; 



/(Aj), 3i G Z s.t. K = A + /i£i, 



0, otherwise. 



The incoming intertwining vectors are the Dirac delta functions es- 



sentially. By Definition |1.1| we can get a vertex-IRF correspondence 
for the elliptic i?-operator. 



Theorem 2.1 (Vertex-IRF correspondence). For A, G A 



(ft ^ it/ 



k'SA 



K 



A C 



K 



(2.1) 



where both sides are the operators V ® V 



It is to be noted that, by Definition ^]T| and |2.2| , the both sides 
of equation ( p.l| ) are zero unless there exist i,j G Z such that k = 
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A + fiEi, u = X + fi{ei + Sj). The other cases are as follows. 



^^^^ _ ^l(Aj»-O^;(0) ;j;A+Me, ^ ^A+M{e.+.,) 



^i(A, 



^A 



for i ^ j. Since satisfies the Yang-Baxter equation ( p!j]) , we can 
show 

Corollary 2.2. T/ie Boltzmann weights of the IRF model satisfy the 
star-triangle relation^ 



K'eA 
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/or A, K, u, a, /?, 7 G A. 
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ly 


A 


62 /3 
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(2.2) 



Proof. Unless there exist i, j, A; G Z such that = A + z/ = A 4 
/i(ej + ej) and 7 = A + jj,{ei + £j + 6^), the both sides of equation ( pl2| 
are zero. Then we assume that 



/« = A + /x£i, = A + /i(£i + ^j), 7 = A + /i(£i + + {i,j,keZ). 
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Moreover the both sides of equation ( p.2| ) are zero unless 



a = X + nEi, X + fiEj or A + fiSk 



and 



P = X + fi{ei + Ej), X + fi{ei + Sk) or A + ii{e.j + Sk) 



so it suffices to show equation (|2.2|) in each case. 

V 

Since R{Cj satisfies the Yang-Baxter equation (|1]1]), 

((1 ® mummis) ® i)(i ® ^(63))/)(^i, ^2, ^3) 
= ((^(63) ® i)(i ® mnmmu) ® i)/)(^i, ^2, ^3). 

Putting zi = Xi, Z2 = Xj+fiSij and Z3 = X+fi{6ik+Sjk) in the coefficient 
of f{zi, Z2, Z3), we obtain equation ( p^.2D in the case a = A + fiSi and 
P = X + fi{ei + Sj). We can prove the other cases in the similar way, so 
we omit the proof. □ 



Remark 2.1. We define an incoming intertwining vector 0^ G (V )* in 



the same way as Definition 2.2; for / G V 



/(Aj), 3i G Z s.t. n = X + fiEi, 



0, 



otherwise. 



In this case, we also get a vertex-IRF correspondence; for A, G A 



'eA 



K 



A ? 



K 
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3. Outgoing intertwining vectors and factorized 

l-operators 



To begin with, we define outgoing intertwining vectors of tlie elliptic 
/^-operator (cf. [|, 0, 0). 

Let ki and be integers sucli tliat ki < ^2, and we set k := (ki, k2) 
and k = k2 — ki + 1. For A, k G A and ki < j < k2, we define 

MOl' e C by 



where |A|k = Ej=fci ^i- 



1 _ j-ki - 

2 k 
k 
2 



+ |-^|k — kz, kr) exp(7rv^/cz)), 



Proposition 3.1. For A G A and ^ ^ Z + Zr, the k-by-k matrix 
(f^kiOx^'^^''^ ) invertible. 

/ ki<i,j<k2 

Proof. Since 



MO 



A+/xei, j 
X 



ki<i,j<k2 

=diag(exp vrv^^kAki , • • • , exp tta 
it suffices to prove 



1 j-fci 

2 fc 
2 



+ |A|k - A^Ai, kr) 



rl j-fcl 
2 fc 
fe 



(e+|A|k-A;A,,A:r)) ^ 0. 

fcl<j j'<fc2 



det i^^^ ^ J 

The Weyl-Kac denominator formula for A^/}!^ (cf. [|], 0) yields 



det ?9 



2 k 
k 
2 



(^kui , ki~ ^ 



l<i,j<k 
k 



i=l l<j<i<k 



ki<ij<k2 
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Here rjlr) is Dedekind's r^-function 



riir) = exp 



12 



]^ (1 — exp 2nx/—lmT). 



m=l 



Then we obtain 



det 1? 



1 j-fci 

2 fe 
fc 

2 



-1 



>fc-l 



^9 



2 k 
k 



+ l^lk - kXi, kr) 

/ ki<i,j<k2 



l<i,j<k 



fci <i<j<k2 



thereby completing the proof. 



□ 



The proposition above says that for X, n & A, ki < j < k2 and ^ ^ 
Z+Zr, there exist 0k(OA j ^ ^ which are characterized by the following 
duality relations; 



k2 



i=k\ 
k2 



(3.1) 



i=k\ 



and for K 7^ A + (A;i < Vz < A;2) we set 



Definition 3.1 (Outgoing intertwining vector). For A, k G A and ^ ^ 
Z + Zr, an outgoing intertwining vector 0k(OA(-2) ^ ^^(i^ + |A|k) of the 
elliptic i?-operator is defined as follows (cf. (|1.2|)). 



k2 



j=ki 



1 _ j-ki 

2 fc 
k 

2 



(^ + |A|k — kz, kr) exp(7rv — l/cz). 
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Equation ( |3.1|) is equivalent to 



i=ki 



Z 



id onVk(^+|A|k) 



(3.2) 



6ij for ki < i, j < k2. 



The outgoing intertwining vectors satisfy the following. 



Proposition 3.2. For A, k, z/ G A and ^1,^2 ^ ^ + Zt, 



K'eA 



A 62 



Proof. By Definition |2.1| and |3.1|, it suffices to show 



)(2;i,2;2) 



fc2 



£=fci 



A + 

A 62 A + + Ej] 

A + 
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for any A G A and ki < Wi, j < With the aid of Theorem |2.1| and 
equation (|3^), we obtain for ki <^a,b < k2, 



k2 V 

e=ki 



A + 



V 

--W 



A + fiEa 

A 62 A + + Sj] 

A + 



Then 



k2 



j,jr=fcl 



fc2 



^r^" ® ^aS? ^^^^ 



)((i?(ei2)0k(ei)^"^"®0k(6) 



^ E 0k(6)r'^"(^i)®0k(6)A:S'"^^'^(^2) 

j,jr=fcl 



V 

X W 



A + /i^a 

A 62 A + fi{ei + Ej) 

A + 



)a:^:^"^)(^i,^2)) 



'A+/x(£i+£j) X+n(£a+et,) 



k2 



^ E </'k(6)r'^"(^i) ® 0k(6)A;s:''"'^'^(^2)w^ 

i=A;i 



A + /i^a 
A 62 A + /i(£a + £b) 

A + 
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By virtue of Definition 3.1 and Theorem 1.3 we deduce 



From equation ( p.2|) , we are led to the desired result. 



For X, K E A and ^ ^ Z + Zr, we define an operator Lk(0^ : V 



by 



Theorem |2.1| and Proposition say 



Lemma 3.3. For X,u E A and ^1,^2 ^ Z + Zr, 



V V 



onV ®V. 

Proof. For / G V ® V, 

EA62)Xk(6)^®Xk(6)::/)(^i,^2) 
= E(^(ei2)0k(ei)^ ® 0k(6)::)(^i, ^2) ■ (0^ ® c)/ 



E 0k(6)A(^l)®0k(ei)^'(^2)l^ 



K.K'eA 



A 62 



K 

V 



E </'k(6)A (^1) ® 0k(6)::'(^2)(0f ® 0::'i?(ei2)/) 



K'eA 



E(^k(6)A®^k(ei)::i?(62)/)(^i,^2). 

kGA 



□ 

V 



We have thus proved the lemma. 



□ 
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Now we are in the position to construct factorized L-operators for the 
elhptic i?-operator. Let W be a space of all C-valued functions on A, 

A A 

and let V (8> W (resp. W ® V) be a space of all functions g : D x A ^ C 
(resp. A X D ^ C) such that g{-,X) G V (resp. g{X,-) G V) for any 

V A A 

A G A. We define a factorized L-operator -Lk(0 : V ® W ^ W ® V as 
follows 0, 1, 0, [H. For ^ G V ® W and ^ ^ Z + Zr 

{L{Og){X,z) ■■= Y.CL^i0l9i-,^)){^)- (3.3) 
For A G A we set 5^ G W as follows; 

We note that W = U^^a^S'^ (cf- !)• Then, for / G V, 

and equation ( |3.3| ) is hence equivalent to 

aga 

A A A A 

We define V ® V ® W (resp. W ® V ® V) by a space of all functions 
g: DxDxA^C (resp. Ax Dx D ^C) such that g{-, -, A) G V® V 
(resp. g{X, •, •) G V ® V) for any A G A. By means of Lemma [X^ , we 
immediately obtain the following theorem. 

Theorem 3.4 (Factorized L-operator). For C,i,C,2 ^ Z + Zr 

(1 ® mi2)){L{^i) ® i)(i ® L(6)) = (^k(6) ® i)(i ® L(ei))(^(62) ® 1) 

A A A A 

where both sides are the operators V®V®W^W(S>V®V. 
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Remark 3.1. In the same way as this section, we can construct factor- 

V _ A _ 

ized L-operators for R{^) on V ®V by using instead of 



(cf. Remark |1.1| and |2.1| ). In this case, outgoing intertwining vectors 
are characterized by the following duality relation. 



k2 



i=k-t 



k2 



. i=ki 

Here, for A, k G A, ki < j < k2, we define 0k(OA"' ^ C as follows 
(cf. Remark |1 . 1| ) . 



MOV ■■= M^ 



1 _ j-fci 

2 k 
k 

2 



+ |A| - kz, kr) exp(7rv^(A: + 1)^)). 



4. Vertex-irf correspondence and factorized 

L-OPERATORS FOR BELAVIN'S /^-MATRIX 

In this section, we apply Theorem ^TT| to the i?-matrix obtained 
through restricting the domain of the elliptic /2-operator to some finite- 
dimensional subspace. Then we will show that the vertex-IRF corre- 
spondence for Belavin's /2-matrix proved by Baxter Jimbo, Miwa 
and Okado ^ is obtained from Theorem \2.1\ . Moreover we will con- 
struct the factorized L-operators for Belavin's i?-matrix obtained by 
Hasegawa [Q, Quano and Fujii [^. First let us state the results proved 
by Felder and Pasquier |Q more precisely. 

For k = 1,2, ... , let 14(0 be a space of entire functions / of one 
variable such that 

/(z + l) = (-l)V(^), 

f(z + t) = expi-2nV^ikz - ^ + f))f{z). 
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We note that VkiO C V if A; is even and that VkiO ^ V" if k is odd. 



In the same fashion as Theorem 1.3 and Remark |1 . 1|, we obtain 



Ri^i2){Vki^i) ® VkiC2 + /i)) c 14(6) ® Vki^i + /i). 
The space Vfc(^) is of k dimensions and a basis is given by 



1 _ i 

2 k 
k 

2 



- kz,kr)}j^j^/^z- 



For k = 1,2,..., define a translation operator Tk{C,) on the space of all 
holomorphic functions on C |^ by 



k' 



Tk{i) maps isomorphically Vk ■= Vk{0) onto Vk{^). We modify the 
elliptic /2-operator as 



Vk(S>Vk 



We note that Rk{Ci2) is determined by the difference ^2- In fact. 



M-f^)Mz2i + '-^) k^ 



+ 



Mz2i + ^-^-0^'M 



Mz2i + ^^: 



M-f,^2 + |). 



Felder and Pasquier prove 



Theorem 4.1 (|^). Rk{0 preserves Vk^Vk and obeys the Yang-Baxter 
equation (|1.1|). 

Let {e^}jei/~iz C V^* be the dual basis of {ej := 6^(0)} C Vk, 



e\ej) = Sij. 
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V _ _ V 

Now we define an operator Rk{0* ® transpose of Rk{0 

on Vk ® Vk- 

V 

Proposition 4.2 (cf. [Q). The R-raatrix Rk{Cj* is Belavin's R-matrix 
up to constant. 



Proof. Let A and S be operators on the space of all holomorphic func- 
tions on C as 

{Af){z) = -f{z + l), 

{Bf){z) = - exp(27rv/^(^ + ^))/(^ + p. 

The space Vk is invariant under the actions of A and B. In fact, A and 
B are expressed on Vk as 

= Cj exp ) 

We define operators A* and I?* on \4* to be the transposes of A and B 
on Vfc, respectively; 

A*e^ = e^'exp^^^, 

To prove this proposition, it is enough to show the following 0, ||, 0. 

1. RkiO* is an entire End(Vk ® V^)-valued function in ^. 

V V 

2. Rk{0*x (g) X = X (g) xRkiO* X = A*,B*. 

3. Rk{^ + ly = (1 ® A*)-'Rk{0*iA* ® 1) X (-1). 

4. Rk{^ + tY = (1 ® B*)-'Rk{0*{B* ® 1) X (- exp 27rv^(e + f - 
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5. 4(o)* = i?;(o)id. 

The operator Rk{0 ^fc ® has the properties below, which imply 
the properties (2), (3), (4), and (5) above, respectively. 

V V 

2. RkiOx ® x = X O xRkiO X = A,B. 

3. RkU + 1) = (1 ® A)Rk{OiA ® 1)"' X (-I)- 

4. M^ + t) = (l®S)^fc(0(S®l)-ix(-exp27rv/^(e+i-f))-^ 

5. ^fc(O) =t9;(0)id. 

The proof is quite straightforward, so we omit it. 

To prove (1), it suffices to show that Rk{0 is an entire End(Vk(8>Vk)- 
valued function in ^. Let us introduce another basis of Vk (cf. [Q); 



{ej{z) :-- 



k ■ 
2 

1 _ i 

2 fc. 



In the same way as 0], we can calculate the matrix coefficients of Rk{0 
on Vk Vk with respect to the basis {cj ® ej} and can check that all 
matrix coefficients are entire in ^. This completes the proof. □ 



For X,KeA, we put 0(0^ := 0^ o + |A|k - A;^) 



. Since 




+ |A|k — kXi, kr) if K = A — /iSj (/ci < 3i < A;2) 
otherwise, 
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we get 
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k—1 

j=0 



ri_i 



EjZo^ \' iC+\Mi^-kXi,kT)ei, if K = X-fiei ih<3t<k2) 



0, 



otherwise. 



Hence the vector is nothing but the outgoing intertwining vector 

of Belavin's /2-matrix which was first discovered by Baxter [|I|, 

Jimbo, Miwa and Okado 0. 
On the other hand, we put 









k' 






V 




w 


X ^ u 


:= W 


V i X 




k' 







and then Theorem 2.1 and Remark 2.1 lead us to 



Theorem 4.3 (Vertex-IRF correspondence for Belavin's i?-matrix 
For X, E A, 



ft'eA 



K 

X 62 
k' 



Next we construct the factorized L-operators for Belavin's i?-matrix 
proved by Hasegawa 0, Quano and Fujii |T^. To begin with, we 
introduce outgoing intertwining vectors in Vfc(^) in the same fashion as 



Definition p.l| . In the sequel, we fix A;i, A;2 G Z such that k = k2 — ki + l 
and assume that X, K,iy E A and that ^, ^1, C2 ^ + 
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For ki < j < /c2, we define 'fki.Ox'' £ C by 



and also define ^Pk.{0\j £ C by the following duality relations (cf. Propo- 
sition 

i=ki 

< 

. i=ki 

For K ^ X + fiEi {ki < Vz < k2) we set 



Outgoing intertwining vectors ^Pk{Oli^) ^ ^k{C + l-^lk) of the elliptic 
i?-operator are defined as 

j=ki 



V 

Then we define the operators as follows. 



where / G V if is even and / € V if A; is odd. In the same way as 
Section 3, these operators satisfy (cf. Lemma |373|) 



E ^(ei2)L(6)A ® Li^2): = E ^k(6)A ® Ik(6)::^(ei2). 



We put 
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and denote its transpose as Ll.{^)1 : T^* ^k- Thus, for Belavin's 

V 

i?-matrix Rk{0*^ 

We define an operator L^(0 : 14* ® W ^ W ® I4* by 

AeA 

The theorem below tells us that the operator is the factorized 

L-operator for Belavin's i?-matrix, which were first constructed by 



Hasegawa M, Quano and Fujii WU . 



Theorem 4.4 (Factorized L-operator for Belavin's i?-matrix). For ^i,C,2 ^ 
Z + Zr 

(1 ® 4(62)*)(Zu(6) ® i)(i ® Zk(6)) = (Zk(6) ® i)(i ® Luci)){ki^ur ® 1: 

i/ere feot/i sides are the operators t^* ® t^* ® VV ^ VV ® ® 14* ■ 
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